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Resume. D'apres un celebre lemme de John Franks, toute perturbation de la 
diffcrenticllc d'un diffcomorphisme / le long d'une orbite periodique peut etre 
rcalisee par une C^-perturbation g du diffcomorphisme sur un petit voisinage 
de ladite orbite. On n'a cependant aucune information sur le comportcmcnt 
des varietes invariantes de l'orbite periodique apres perturbation. 

Nous montrons que si la perturbation de la derivee peut etre jointe a 
la derivee initiale par un chemin, et si des directions stables ou instables 
d'indices fixes existent le long du chemin, alors les varietes invariantes cor- 
rcspondantes peuvent etre preservers en-dehors d'un voisinage arbitrairement 
petit dc l'orbite. On en deduit, entre autres, une dichotomie generique entre 
decompositions dominees et petits angles entre directions stables et instables 
a l'interieur des classes homoclincs. 



Abstract. A well-known lemma by John Franks asserts that one can realise 
any perturbation of the derivative of a diffeomorphism / along a periodic orbit 
by a C 1 -pcrturbation of the whole diffeomorphism on a small neighbourhood 
of the orbit. However, it does not provide any information on the behaviour of 
the invariant manifolds of the orbit after perturbation. 

In this paper we show that if the pcrturbated derivative can be joined from 
the initial derivative by a path, and if some strong stable or unstable direc- 
tions of some indices exist along that path, then the corresponding invariant 
manifolds can be preserved outside of a small neighbourhood of the orbit. We 
deduce perturbativc results on homoclinic classes, in particular a generic di- 
chotomy between dominated splitting and small stable/unstable angles inside 
homoclinic classes. 

1. Introduction. A few C 1 -specific tools and ideas are fundamental in the study 
the dynamics of C^-generic diffeomophisms on compact manifolds, that is, diffco- 
morphisms of a residual subset of the set Diff 1 (M) of C 1 -diffeomorphisms on a 
Riemannian manifold M. 

On the one hand, one relies on closing and connecting lemmas to create periodic 
points and to create homoclinic relations between them. The C 1 -Closing Lemma 
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of Pugh [12] states that a recurrent orbit can be closed by an arbitrarily small 
C -perturbation. Using similar ideas, the connecting lemma of Hayashi [9] states 
that if the unstable manifold of a saddle point accumulates on a point of the stable 
manifold of another saddle, then a C 1 -perturbation creates a transverse intersection 
between the two manifolds. That was further generalized by Wen, Xia and Arnaud 
in [15, 1] and Bonatti and Crovisier in [2, 6], where powerful generic consequences 
are obtained. 

On the other hand, we have tools to create dynamical patterns by C^-perturbations 
in small neighbourhoods of periodic orbit. John Franks [7] introduced a very simple 
lemma that allows to realise any perturbation of the derivative along a periodic 
orbit as a C^-perturbation of the whole diffeomorphism on an arbitrarily small 
neighbourhood of that orbit. This is the very lemma that allows to systematically 
reduce C^-pcrturbations along periodic orbits to linear algebra. 

Other perturbation results are about generating homoclinic tangencies by C 1 - 
perturbations near periodic saddle points. To prove the Palis C 1 -density conjecture 
in dimension 2 (there is a C 1 -dense subset of diffcomorphisms of surfaces that are 
hyperbolic or admit a homoclinic tangency), Pujals and Sambarino [13] first show 
that if the dominated splitting between the stable and unstable directions of a 
saddle point is not strong enough, then a C^-perturbation of the derivative along 
the orbit induces a small angle between the two eigendirections. They apply the 
Franks' Lemma and do another perturbation to obtain a tangency between the two 
manifolds. In [14], Wen gave a generalization of that first step in dimension greater 
than 2 under similar non-domination hypothesis. 

These perturbations results rely on the Franks' lemma which unfortunately fails 
to yield any information on the behaviour of the invariant manifolds of the periodic 
point. In particular, one does not control a priori what homoclinic class the periodic 
point will belong to, what strong connections it may have after perturbation, and 
it may not be possible to apply a connecting lemma in order to recreate a broken 
homoclinic relation. 

In [8] , a technique is found to preserve any fixed finite set in the invariant mani- 
folds of a periodic point for particular types of perturbations along a periodic orbit. 
In particular it implies that one can create homoclinic tangencies inside homoclinic 
classes on which there is no stable/unstable uniform dominated splitting. This 
technique however is complex and difficult to adapt to other contexts. 

In this paper, we provide a simple setting in which the Franks' perturbation 
lemma can be tamed into preserving most of the invariant manifolds of the saddle 
point. Let us first state the Franks' Lemma: 

Lemma (Franks). Let f be a diffeomorphism. For all e > 0, there is 5 > such 
that, for any periodic point x of f , for any 5 -perturbation {B\, B p ) of the p-uple 
(Ai, Ap) of matrices that corresponds to the derivative Df along the orbit of 
x, for any neighbourhood U of the orbit of x, one finds a C 1 e-perturbation g of 
f on U that preserves the orbit of x and whose derivative along it corresponds to 
(Bi, ...,B p ). 

We introduce a perturbation theorem that extends the Franks' Lemma, con- 
trolling both the behaviour of the invariant manifolds of X, and the size of the 
C 1 -perturbation needed to obtain the derivative (£?i, B p ). Precisely, we prove 
that if the perturbation is done by an isotopy along a path of 'acceptable deriva- 
tives', such that if the strong stable/unstable directions of some indices exist all 
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along along that path, then the diffeomorphism g can be chosen so that it preserves 
the corresponding strong stable/unstable manifolds outside of an arbitrarily small 
neighbourhood. Moreover, the size of the perturbation can be found arbitrarily 
close to the radius of the path. 

In order to prove our main theorem, we will rely on the two fundamental C r - 
perturbative Propositions 2.1 and 2.2. These results are stated in the next section. 
The two propositions are shown in section 4, and section 5 is devoted to the proof 
of the main theorem. 

In section 6, we give examples of a few "pathwise" perturbative results on linear 
cocycles, to show possible applications of our main theorem. For instance, we can 
turn the eigenvalues of a large period saddle point to have real eigenvalues, and 
preserve at the same time most of its strong stable/unstable manifolds. We also 
deduce a generic dichotomy inside homoclinic classes between dominated splittings 
and small angles. 

Remerciements : Je remercie chaleureusement Flavio Abdenur, Jairo Bochi, 
Christian Bonatti, Sylvain Crovisier et Lorenzo Diaz pour de nombreuses discus- 
sions, suggestions et encouragements ainsi que Marcelo Viana, le CNPQ et I'IMPA 
(Rio de Janeiro) pour la confiance et le soutien qui m'ont ete accordes dans le cadre 
de mon Post-Doctorat. Enfin, je remercie vivement Rafael Potrie qui m'a explique 
ses resultats, dont des utilisations inattendues du present article. 

2. Statement of results. First recall that, given a matrix in GL(n,M) such that 
A.;| < min(|Ai+i|, 1), where Ai, . . . , A n are the eigenvalues counted with multiplicity 
and ordered by increasing moduli, the i-dimensional strong stable direction is the 
invariant space of dimension i that corresponds to the eigenvalues Ai, Aj. If x 
is a periodic point of period p for a diffeomorphism / and if the first return map 
Df p admits an i-dimensional strong stable direction, then there is, inside the stable 
manifold of the orbit of x, a unique boundaryless i-dimcnsional /-invariant manifold 
that is tangent to that strong stable direction at x. We call it the i-strong stable 
manifold of the orbit of x for /. One defines symmetrically the i-strong unstable 
manifolds, replacing / by Here is our main theorem: 

Theorem 1 (A 'pathwise' Franks' lemma). Let x be a p-periodic point for a dif- 
feomorphism f on a Riemannian manifold M. For each k G {1, . . . ,p}, fix a path 
{^fe,i}te[o,il * n GL(d,M.) such that the p-uple of matrices (Aip, . . . , A Pt o) corre- 
sponds to the derivative Df above the orbit of x. Then, for any sufficiently small 
neighbourhood U of the orbit of x, one finds a diffeomorphism g such that it holds: 

• the orbit of x is the same for f and g, the derivative Dg above the orbit of x 
corresponds to the p-uple (^4i,i, ■ ■ ■ , A Pt {), and f = g outside ofti. 

• The diffeomorphism g can be chosen so that the C 1 -distance between g and f 
is arbitrarily close to the maximum radius of the paths {A^j} defined by 



• For all i £ N, the following holds: 

if the product Yik=i p-^M admits an i-dimensional strong stable (un- 
stable) direction, for all t G [0,1], then the local i-strong stable (unstable) 
manifold of the orbit of x is the same for f and g outside ofti. 
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Where the local i-strong stable manifold of the orbit of x outside of Li is the set 
of points x G M \ Li in the i-strong stable manifold whose positive orbits enter hi 
without leaving it afterwards. In other words, the perturbation g of / preserves the 
local strong stable/unstable manifolds outside of a neighbourhood U that may be 
taken arbitrarily small. One may also say that the strong stable/unstable manifolds 
of / and g coincide outside hi, before first return in hi. That theorem is restated in 
more convenient formalism in section 3. 

The second half of our paper is devoted to giving examples of applications of 
Theorem 1. We already knew that the derivative along a saddle of large period 
may be perturbed in order to get real eigenvalues [2, 5], or that the derivative 
along a long-period saddle with a weak sable/unstable dominated splitting may be 
perturbed in order to get a small stable/unstable angle [4]. In section 6.4 we show 
that these perturbations can be obtained following 'good' paths of cocycles, in the 
sense that one can apply Theorem 1 to them. As a consequence, if the period of 
a saddle is large, then it is possible to perturb it to turn the eigenvalues of the 
first return map to be real, while preserving their moduli and the strong stable and 
unstable manifolds, outside of a small neighbourhood: 

Theorem 2. Let f be a diffeomorphism of M and e > be a real number. There 
exists an integer N G N such that the following holds: if x is a saddle point of period 
p > N and hi is a sufficiently small neighbourhood of the orbit of x, then there is a 
C 1 e-perturbation g of f such that: 

• it coincides with f along the orbit of x and outside of hi, 

• it preserves the local strong stable /unstable manifolds of the orbit of x outside 
ofU, 

• the eigenvalues of the first return map Dg p (x) are real and their moduli are 
the same as for f . 

Theorem 2 is a straightforward consequence of Theorem 1 and Proposition 6.5. 
We also prove a generic dichotomy between small stable /unstable angles and sta- 
ble/unstable dominated splittings within homoclinic classes, where the homoclinlic 
class of a saddle point is the closure of the transverse intersections of its stable and 
unstable manifolds. 

A dominated splitting above a compact invariant set K for a diffeomorphism / is a 
splitting of the tangent bundle TM\ K = E(BF into two vector subbundles such that 
the vectors of E are uniformly exponentially more contracted or less expanded than 
the vectors of F by the iterates of the dynamics (sec definition 6.1). The index of 
that dominated splitting is the dimension of E. A saddle point for a diffeomorphism 
is a hyperbolic periodic point that has non-trivial stable and unstable manifolds. 
The index of a saddle is the dimension of its stable manifold. The stable (resp. 
unstable) direction of a saddle x is the tangent vector space to the stable (resp. 
unstable) manifold at x. The minimum stable/unstable angle of a saddle x is the 
minimum of the angles between a vector of the stable direction of x and a vector 
of the unstable direction. A residual subset of a Baire space is a set that contains 
a countable intersection of open and dense subsets. 

Theorem 3. There exists a residual set 1Z C Diff 1 (A/) of diffeomorphisms f such 
that, for any saddle point x of f , either the homoclinic class H(x, f) of x admits 
a dominated splitting of same index as x, or, for all e > 0, there is a saddle point 
y G H(x, f) of same index as x such that: 

• the minimum stable/unstable angle of y is less than e, 
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• the eigenvalues of derivative of the first return map at y are all real and 
pairwise distinct, 

• each of these eigenvalues has modulus less than e or greater than (T 1 . 

That result must be paralleled with [8, Theorem 1.1]. Indeed, if these three 
conditions are satisfied for e small enough, then there are fundamental domains of 
the stable and unstable manifolds of y that are big before the minimal distance that 
separates them, in such a way that these two manifolds can be intertwined by small 
perturbations. In particular, it is possible to create tangencies between them by 
small perturbations that keep y in the homoclinic class of x. 

We finally give a version of [8, Theorem 4.3] where the derivative is preserved, 
that is, we show that if there is weak stable/unstable dominated splitting along 
a saddle, and if the period of that saddle is large, then one obtains homoclinic 
tangency related to that saddle by a perturbation that preserves the orbit of the 
saddle and the derivative along it. Moreover, one may keep any preliminarily fixed 
finite set in the invariant manifolds of the saddle. In a very recent work, using 
Theorem 1, Rafael Potrie [11] got interesting results on generic Lyapunov stable 
and bi-stable homoclinic classes. In particular, he showed that, C 1 -generically, if 
H is a quasi-attractor containing a dissipativc periodic point, then it admits a 
dominated splitting. Also, using a result by Yang [16], he proves that generically 
far from homoclinic tangencies if a homoclinic class is bi-Lyapunov stable (that is, 
the homoclinic classes that are quasi-attractors and repellors) then it is the whole 
manifold. 

To prove Theorem 1, we will rely on three main perturbation results. Although 
we only use the C 1 versions to prove the theorem, they hold for any C r -topology, 
r > 1. We state them here, since they may be useful in other contexts. 

Proposition 2.1. Let r > 1. Let g k £ Diff r (A/) be a sequence that converges 
to g £ Diff r (M) for the C r -topology, and let x be a saddle point of g. For any 
sufficiently small neighbourhood U of the orbit of x for g, there is a neighbourhood 
O C U of the orbit of x and a sequence h k of diffeomorphisms that C r -converges to 
g such that, for all k great enough, it holds: 

• h k = g k on O, 

• hk = g outside ofU, 

• for all i 6 ff, if the orbit of x admits an i-dimensional strong stable (unstable) 
manifold for g, then the continuation of the saddle x also does for h k , and the 
two corresponding local invariant manifolds outside of Li both coincide. 

Then we have the dual result: 

Proposition 2.2. Let r > 1. Let g k £ Diff r (M) be a sequence that converges 
to g £ Diff r (M) for the C r -topology, and let x be a saddle point of g. For any 
sufficiently small neighbourhood U of the orbit of x for g, there is a neighbourhood 
O of the orbit of x and a sequence h k of diffeomorphisms that C r -converges to g 
such that, for all k great enough, it holds: 

• h k = g on O, 

• h k = g k outside ofli, 

• for all i £ N, if the orbit of x admits an i-dimensional strong stable (unstable) 
manifold for h k , then the continuation of the saddle x also does for g k , and 
the two corresponding local invariant manifolds outside ofli both coincide. 
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Remark 2.3. In the hypothesis of these two propositions, one may replace the fact 
that x is a saddle point of g by the fact that a; is a periodic point for g, and that 
there exists a sequence xu — > x such that Xk is a periodic point for g^ of same period 
as x. In that case, the conclusions hold on the invariant manifolds of x for g and 
Xk for gk in Proposition 2.1, and on the invariant manifolds of x for hk, and x& for 
gk in Proposition 2.2. 

Corollary 4 (Linearisation Lemma). Let r > 1. Let x be a saddle point of a 
diffeormophism g G Diff r (M). Given a linear structure on the neighbourhood of 
each point of the orbit of x, and given a sufficiently small neighbouhood IA of that 
orbit, there is h G Diff r (M) arbitrarily C r -close to g such that 

• h = g outside of IA and on the orbit of x , 

• it preserves the local invariant manifolds of the orbit of x outside ofU, 

• Dh = Dg along the orbit of x, and h is linear on a neighbourhood of the orbit 
of x. 

Propositions 2.1 and 2.2 are proved in section 4. The linearisation lemma is 
a straightforward consequence of the first proposition: first use unit partitions to 
find a sequence hk of locally linear diffeomorphisms that tends to g, and such that 
Dhk = Dg on X, then apply Proposition 4.1. 



3. Definitions and notations. In the following, / is a C 1 -diffcomorphism of a 
Riemannian manifold M of dimension d, and X is a periodic orbit for /. Let £ be the 
space of linear cocycles a on TM\x that project on f\x, that is, the automorphisms 
of the Banach bundle TM\x such that the following diagram commutes: 

TM\ X Z TM\ X . 



X ^X 

We endow that space with the norm ||cr||s = sup ||cr(w)||. The eigenvalues of a 

veTM 

Nl=i 

cocycle are the eigenvalues of the first return map. When the eigenvalues Ai Ad 
of a cocycle cr, counted with multiplicity and ordered by increasing moduli, satisfy 
| A; | < |Ai+i| and |A;| < 1, the i-strong stable direction of a is the invariant bundle 
corresponding to the eigenvalues Ai, A*. If the cocycle a = Df\ x has a strong 
stable direction of dimension i, then the i-strong stable manifold of X for / is the 
unique /-invariant, i-dimensionnal manifold that is tangent to that direction. The 
strong unstable manifolds for / are the strong stable manifolds for / . 

Given two finite sets J, J of positive integers, we denote by S/, j the set of cocylcs 
that are bijective and have a strong stable (resp. unstable) direction of dimension 
i for alii G / (resp. i G J). For all cr, r £ £/.,/, we define the distance 

dist(cr, t) = max (|| cr — r||, 1 1 cr 1 — r _1 1|) . 

Assume that the derivative Dfi x of / above X belongs to Let U be a 

neighbourhood of X. The local i-strong stable manifold of X for / inside U is the 
set of points of the i-strong stable manifold whose positive iterates remain in U. 
The local i-strong stable manifold of X for / outside of IA is the set of points y of 
the i-strong stable manifold for / outside of U whose positive orbit does not leave 
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IA once it entered it. The local strong unstable manifolds for / are the local strong 
stable manifolds for 

Let g be a diffeomorphism such that Dg\ x 6 £/,./■ We write that the local 
(I , J) -invariant manifolds outside of hi coincide for f and g if and only if, for all 
(i, j) £ / x J, the local i-strong stable and j-strong unstable manifolds of / outside 
of U coincide with those of g outside of U. Given a compact neighbourhood U of 
X, the two following statements arc equivalent: 

- the local stable and unstable manifolds of / inside of U are included in a 
compact disk of the stable manifold of / and a compact disk of the unstable 
one, respectively. 

- for all y in the stable or unstable manifold of X for /, there is a positive or 
negative iterate f n (y) outside of U. 

If these arc verified, we say that U is a confined neighbourhood of X for /. 

Remark 3.1. If Li is confined for /, then it is confined for any C 1 -neighbouring g 
such that g\x = fix- If U is sufficiently small, i.e. the hausdorff distance from U to 
X is sufficiently small, then U is confined for /. 

Using the second characterization of confinement and working in a compact 
neighbourhood of X, since the stable and unstable manifolds vary continuously by 
C 1 -perturbations of the dynamics, one gets the first affirmation of the remark. The 
second affirmation is obvious. With this remark, Theorem 1 is a straightforward 
consequence of the following: 

Theorem 5. Assume that Df\x is in £/.j and let 7 = (7t)o<t<i be a path in S/.j 
such that 70 = Df\x- Then, for any confined neighbourhood U of X for f , for any 
e > 0, there is a diffeomorphism g such that 

• Dg\x = 71 j and g = / outside of hi, 

• the local (I, J) -invariant manifolds outside of Li coincide for f and g, 

• the C 1 -distance between g and f is less than r(j) + e, where 

r(7) = sup dist(7i,7 t ). 
te[o,i] 

We say that r(j) is the radius of the path 7. 

4. Proof of the perturbation propositions 2.1 and 2.2. In this section X is 
again the orbit of a periodic point of the diffeomorphism /, and is defined as 
in section 3. To prove the perturbation propositions, it suffices to prove the two 
following ones, for any pair (J, J) of finite sets in N \ {0}: 

Proposition 4.1 (Vi.j). Let g% e Diff r (M) be a sequence that converges to g e 
Diff r (M) for the C r -topology, with Dg\x an d Dg k \ x i n ^i.j- F° r an U confined 
neighbourhood U of X for g, there exists neighbourhood O of X and a sequence of 
diffeomorphisms h k that converges to g such that, for all k great enough, it holds: 

• h k = g k on O, 

• hk = g outside of Li, 

• the local (I , J) -invariant manifolds outside ofti coincide for g and h k . 

Proposition 4.2 (Vj j). Let g k G Diff r (M) be a sequence that converges to g £ 
Diff r (M) for the C r -topology, with Dg\x an d Dg k \x i n ^i.j- For any confined 
neighbourhood U of X for g, there exists neighbourhood O of X and a sequence of 
diffeomorphisms h k that converges to g such that, for k great enough, it holds: 
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• hk = g on O, 

• hk = 9k outside ofli, 

• the local {I , J) -invariant manifolds outside ofU coincide for gk and hk- 

Propositions 2.1, 2.2 and Remark 2.3 arc straightforward consequences. Indeed, 
the only problem is that, in Proposition 2.1 and Remark 2.3, the orbit of gk we are 
interested in is not X but some p-periodic orbit Xk , where the sequence Xk tends 
to X. But then, one may conjugate each gk by some cj>k G Diff(M) that is equal 
to Id outside of U and that sends Xk on X, and assume that <f>k converges to Id 
for the C r -topology. Thus, one may assume that Xk = X. 

Proof ofV%$ and V'$ these are slightly refined versions of Franks' Lemma. It is 
enough to take a unit partition /.t + v = 1 on M such that /i = 1 outside of a small 
neighbourhood of X and fi = in a smaller neighbourhood. Then follow the proof 
of Franks' Lemma. □ 

Given two finite sets /, J of strictly positive integers, if they exist, let io and jo 
be the least integers in / and J, respectively, and let /* = /\{«o} an d J* = J\{jo}- 

Lemma 4.3. For any subsets I, J C N \ {0} such that J ^ 0, Proposition V(I, J*) 
implies Proposition V(I, J). 

Lemma 4.4. For any subsets /, J C N\ {0} such that J ^ 0, Proposition V(I, J*) 
implies Proposition V'(I, J). 

By symmetry of statements, changing the dynamics to the inverse dynamics, 
we also have that V{I*,J) implies 7>(I,J), and V'{I*,J) implies V'(FJ). By 
induction, this implies Propositions 4.1 and 4.2 for all i", J C N \ {0}. We are left 
to prove Lemmas 4.3 and 4.4. 

4.1. Technical prerequisite: regular neighbourhoods. We state in this sec- 
tion two useful technical lemmas. Let g £ Diff(M) such that F)g\x £ Let i m 
and j m be the maximum integers of / and J. Given a confined neighbourhood IA of 
X for g, we say that a compact neighbourhood V C U of X is regular for (g,U) if 
and only if 

• the local « m -strong stable manifold V* of g inside V is the intersection of V 
and the local i m -strong stable manifold of g inside U, 

• the local _j m -strong unstable manifold V™ of g inside V is the intersection of 
V and the local j m -strong unstable manifold of g inside U. 

Since U is confined for g, by a compactness argument, one finds a neighbourhood 
A of g in the set of C r -diffeomorphisms h such that h\ X = g\x an d two families 
{T>l} he A and {V s h } he ^ such that 

(i) T>\ and T> s h are two subdisks of the i m -strong stable and j m -strong unstable 
manifolds of X for h, respectively, and both vary C r -continuously with h G A. 

(ii) they contain the local i m -strong stable and j m -strong unstable manifolds of 
X for h inside U, respectively. 

Hence we easily deduce the following: 

Lemma 4.5. Let g G Diff (M) such that Dg\ X S ^i.j- Let U be a confined neigh- 
bourhood of X for g. There is an arbitrarily small neighbourhood V of X that is 
regular for any neighbouring pair {h,U') of {g,U)> where W is close to U for the 
Hausdorff topology. 
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Let W be a confined neighbourhood of X for g. The first i- strong stable fun- 
damental domain outside oflA is the first fundamental domain g~ x (lAg' 1 ) \ U'g' % of 
the local i-strong stable manifold Ug' % outside of IA. Symmetrically, the first j- 
strong unstable fundamental domain outside of U is the first fundamental domain 
g(Ug^) \ Ug^ of the local j-strong unstable manifold Wi^ outside of U. 

Remark 4.6. Let g, h 6 Diff (M) such that Dg\ x , Dh\ X £ and such that g = h 
outside of IA. Then the first (J, J)-fundamental domains outside of IA coincide for g 
and h if and only if the local (/, J)-invariant manifolds outside of U coincide. 

Lemma 4.7. Let g, h 6 Diff(AI) such that Dg\x, Dh\x & £r,J an d let U be a 
confined neighbourhood of X for g. Let V C IA be a regular neighbourhood of X 
for (g,U) such that g = h by restriction to M \ V. If the first (I, J) -fundamental 
domains outside ofV coincide for g andh, then the first (/, J) -fundamental domains 
outside oflA also coincide. 

Equivalently, if the local (I , J) -strong stable manifolds outside of V coincide for 
g and h, then the local (I , J) -strong stable manifolds outside oflA also coincide. 

Proof. Let i E I. Let a; be a point in the first i-strong unstable fundamental domain 
for g outside of V. Let (s n )„ e z be its orbit by g, with xq = x. Then the negative 
orbit (x„)„<o is entirely in V. Since V is regular, Vg is the intersection of V with 
the local j m -strong unstable manifold of g inside IA. Therefore, as IA is confined for 
g, there is k €E N such that the points (a; n )o<ra<fc are in IA \ V, with Xk ^ IA. Let 
(2/n)nez be the orbit of the point x — yo by h. Obviously, as g — h outside of V, 
the iterates x n and y n coincide for < n < k. Since yo = x is in the first i-strong 
unstable fundamental domain for g outside V, in particular in h(V%), the negative 
orbit (y n ) n <o is entirely in V. Hence, x^ = yu is in the first i-strong unstable 
fundamental domain outside of IA for g and for h. 

Since the first i-strong unstable fundamental domain outside of V for g is also 
the one for h, the first i-strong unstable fundamental domains outside of IA coincide 
entirely for g and h. One does the symmetric reasoning on the stable manifolds. 
The equivalent statement is straightforward from Remark 4.6. □ 

4.2. Painfullly technical part: proof of Lemma 4.3. We assume V(I, J*). Let 
gk G Diff r (M) be a sequence that converges to g £ Diff r (M) for the C r -topology, 
with Dg\x an d Dgk\x hi ^i.j for all k, and let W be a confined neighbourhood for 
g. Let i m and j m be the maximum integers of / and J respectively. By the previous 
section, one finds a neighbourhood A of g in the set of C-diffeomorphisms h such 
that h\x = 9\x an d two families {T>%}h£A and {Vf^h^A such that 
(i) T>% and T) s h are two subdisks of the i m -strong stable and j m -strong unstable 

manifolds of X for h, respectively, and both vary C r -continuously with h G A. 
(ii) they contain the local i m -strong stable and j m -strong unstable manifolds of 

X for h inside IA, respectively. 

In the following, j is the least integer of J. Choosing the neighbourhood A small 
enough, one finds a neighbourhood V C IA of X for g that identifies to {1, ...,p} x 
[— 5, 5] d by a C r -diffcomorphism, in such a manner that: 

(Hi) X identifies to {l,...,p} x K d . 

(iv) V% = VnDjJ and V;* ~VC\V s h are compact submanifolds with boundary that 
vary C r -continuously with fee A, with 

V^ = {l,...,p}x [-5,5]*- x{0} d -^, 
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V s g = {l,...,p}x{0} d -^ x[-5,5]K 

(v) h sends in the interior of and hr 1 sends V% in the interior of V^. 
(vi) for all j g J* , the union of disks V" ,J = {1, ...,p} x [-5,5]-? x {0} d ~ j is the 

local j-strong unstable manifold of X for g in V. 
(im) For r = 3, 4, 5, the sets 

{1} x ([-r,rH-\[-r + l,r-lp-) x {0} d -^, 

are fundamental domains of the local j m -strong stable manifold for g in V. 
(viii) Denoting by B r , for r — 3, 4, 5, the thickened rings 

{1} x ([-r,r] jo \ [-r+ l,r- l] io ) x [-1, lp^° x [-1, l}^ 1 

in V around the fundamental domains 

{1} x ([-r,r] jo \ [-r + l,r- x {oy ,Wo x {0} d ~ jl 

of the jo-strong stable manifold for <?, the first return map g p induces by 
restriction a diffeomorphism from £>4 to B$ and a diffeomorphism from 63 to 
B±: 

/ £ 3 -► S 4 

\ gP(l,a,b,c) = {l,S(a),b,c), 
where 5 is a diffeomorphism from [3, 3p° \ [-2, 2]-?'° to [-4, 4]-?'° \ [-3, 3] J °. 

Claim 1. J/ £/ie /oca? (I , J) -invariant manifolds for h ,hi 6 A coincide outside of 
V , and if ho = hi outside ofV, then these manifolds coincide outside ofti. 

Proof. Indeed (i), (ii) and (v) imply that and V% are the local i m /j m strong 
stable/unstable manifolds of h inside V, and imply in particular that V is regular 
for (g,U). Apply then Lemma 4.7. □ 

Let W = {1, ...,p} x [-2, 2] d . We will now apply V(I, J*) with the neighbourhood 
W and then do small perturbations on B = B3 U B4 in order to bring the jo-strong 
unstable manifold where we want it to be. By V(I, J*), there is a neighbourhood 
O C W of X sequence of diffeomorphisms h\ that converges for the C r topology to 
g such that, for k great enough, 

• h* k = g k on O, 

• h* k = g outside of W, 

• the local (I, J* )-invariant manifolds outside of W coincide for g and h\. 

Claim 2. Let $ be a diffeomorphism of M such that, for all j g J*, $ leaves 
invariant the fundamental domains 

{1} x ([-r,r] j \ [-r + l,r- x {0} d ' j , for r = 3,4, 

0/ </ie j-strong unstable manifold of g, and assume that $ is equal to Id outside of 
B = B3 U B4. Then, for k great enough, the (I, J*) -invariant manifolds outside of 
V coincide for hi and h* k o $. 

Proof. For k great enough, the aforementioned fundamental domains are also fun- 
damental domains of the local j-strong unstable manifolds V^l 3 of ht inside V. 

k 

Moreover, B does not intersect the rest of the local j-strong unstable manifolds of 
h* k inside V nor the local i m -strong stable manifolds for h* k inside V. □ 

We will now build a diffeomorphism $ that matches the conditions of this claim, 
and that pushes the jo-strong stable for h k to coincide with that for g outside of IA. 
Let ji be the least integer in J*. If J* is empty, then let ji = d. One deduces: 
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(ix) for k great enough, there is a C r -map ijj k : [-4,4p'° \ [-2,2] jo -> [-1, lp' 1 -* 
such that the intersection of the local jo-strong unstable manifold of h* k and 
B = {1} x ([-4,4p'° \ [-2,2p'°) x [-1, x [-1, \] d ~^ is the image of 



[-4,4p° \ [-2,2p'° B 

a i ► (l,a,t/j k (a),0) 



(x) For all a e [-3,3]* \ [-2,2]*, we have Cfc(5(o)) = (l,5(a), Vfe(a), 0). 
(xi) The sequence of applications : [-4,4p'° \ [-2,2]* -» [-1, lp Wo ) fceN tends 
to for the C r topology. 

Indeed, by (vi) (for j = ji) and since the local ji-strong unstable manifolds coincide 
outside of W for g and h^, the intersection of B and the local jo-strong unstable 
manifolds for h* k outside of W has to be in {1} x ([-4, 4p'° \ [-2, 2]*) x [-1, lpWo x 
{0} d_J1 . Using again (vi) for j = jo, and the fact that the local ji-strong unstable 
manifold for h*k converges for the C r -topology to that for g, one finally gets (ix) 
and (xi). Item (x) is a straightforward consequence of (viii). 

Let p + cr = 1 be a unit partition on [—3, 3p° \ [—2, 2p'° such that p = on a 
neighbourhood of [—2, 2]* and p = 1 on a neighbourhood of [—3, 3p°. Define 

( [-4, 4]-?° \ [-2, 2p'° -> [-1, 1]*"* 

&: crT" P( °n fc / ( n for aii ae [-3,3]*\[-2,2]* 

Thanks to another unit partition, one builds a sequence of diffcomorphism of B 
that tends to the identity map Ids, that are equal to Ids on a neighbourhood of 
the boundary of B and such that, for k great enough, 

V(6,c,d) G ([-4,4]* \ [-2,2] JO ) x [-1,1]*"* x [-1, !]<*"*, 



$ fe (l, 6, c, d) = (1, 6, c - fc (6, c, d), d), 

with fe (&,c,d) = &(&) on [-4,4]* \ [-2,2]* x [-§, |] il_io xj-|, . Define 

the diffcomorphism M — > M as the extension by Id of Then satisfies 
all the hypothesis of Claim 2, therefore the local (I, J* )-invariant manifolds outside 
of V coincide for h% and = h% o <&fc. Moreover, for fc great enough, the local jo- 
unstable manifold for hk = h k o <J>^ inside V coincides with that for 5 on 65, which 
is the thickening of the fundamental domain {1} x ([—5, 5]* \ [—4, 4p°) x {O}'* - * of 
the jo-strong unstable manifold inside V for g and for hk- Since the positive orbit of 
any x S 65 is the same for hk and 3 until it goes out of V, the first jo-fundamcntal 
domains outside of V coincide for hk and g. This, by Lemma 4.7 and the regularity 
of V for (g,U), implies that the local jo-strong stable manifolds outside of U coincide 
for g and hk- Note that the hypothesis of Claim 1 are also satisfied by g and hk- 
Therefore, for k great enough, 

• hk = gk on O, 

• hk = g outside of hi, 

• the local (/, J)-invariant manifolds coincide outside of hi for g and hk ■ 
This concludes the proof of Lemma 4.3. 
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4.3. Sketch of a proof of Lemma 4.4. We only sketch it since it is very similar 
to the proof of Lemma 4.3. As previously, we first find a neighbourhood A such 
that items (i) and (ii) are satisfied, then a neighbourhood V and local coordinates 
<fi: V — > {1, ...,£>} x [— 5,5] d such that items (Hi) to (viii) are satisfied. Notice 
that the pair (V, <f>) is somehow adapted to the diffeomorphism g. Here we build 
a sequence (Vk,4>k) of neighbourhoods and local coordinates that converges C r - 
uniformly to (V, <fi), such that each pair (Vk,4>k) is adapted to gk in the sense that 
it satisfies the items (i) to (viii), when g is replaced by gk- 

One has then a sequence Bk of boxes that converges C r -uniformly to the box 
B corresponding to the pair (V, cf>). One applies the induction hypothesis to get a 
sequence h* k that preserves the (/, J*)-invariant manifolds of g% outside of Vk- The 
same way as in the previous section, for k great enough we can perturb h* k on Bk 
into hk, pushing its jo-strong unstable manifold on that of gk- 

It is easily checked that, since Bk converges to B and h k converges to g for the 
C r -topology, the size of the perturbation tends to zero. Therefore the sequence hk 
tends to g. This ends our sketch of the proof of Lemma 4.4. 

5. Proof of Theorem 5. We fix a family of charts {(j) x : B x — » M. d } x& x, where 
the sets B x are pairwise disjoint compact balls such that each B x contains x in its 
interior, and where <p x (B x ) is a convex subset of M. d with <j> x (x) = 0. Denote by 
C the union of the balls B x . We endow C with the corresponding canonical linear 
structure and Euclidean metric and we endow Difi cl (Af) with a Riemannian metric 
that extends that Euclidean metric. 

For any set K C C and any < A < 1, we define X.K as the union of the sets 
X.(K n B x ), for The map X.Id: C — > C is the diffeomorphism that restricts 

on each B x to the homothety of ratio A. Each cocycle a € Ej j canonically identifies 
to a linear diffeomorphism a: — > C" 1 , where C k is the set of points x £ C such 
that the iterate a k (x) is well-defined. Let E% (resp. E%) be the intersection of 
C and the vector spaces that correspond to the z m -strong stable (resp. j m -strong 
unstable) directions of a, where i rn and j m are the maximum integers of I and J. 

For all k > 0, define C£< s = E% n C* and C^ 11 = E%nC*. Then the sequences 
(C^' s ) fc>1 and (C^'"), >1 are constant after some iterates n and m, respectively. Let 

V, = p a k (C k a ). 

— rn<k<n 

Note that the ncighbourhoood V a of A is the disjoint union of compact convex 
balls V a _ x , for x E A, where x is in the interior of V a _ x . One naturally defines the 
local (/, J)-strong stable/unstable manifolds for a inside V a . In particular, the local 
i m -strong stable manifold V* for a inside V CT is the intersection of V a and -E^ (this 
is a priori not the case for C\). This also holds for A.V<j, for all < A < 1, and the 
symmetrical statement holds for the local j m -strong unstable manifold V^. Since 
V a is a subset of both C\ and C" 1 , the first (I, J)-fundamental domains outside of 
Vcr (see section 4.1) are well-defined for a. 

Remark 5.1. For any diffeomorphism g such that g = a on a neighbourhood of A, 
and for any confined neighbourhood U of A for g, if A > is small enough, then 
the neighbourhood \.V a is regular for (g,U). 

Let W be a closed neighbourhood of A included in the interior of C\. If a 
diffeomorphism g of M is satisfies g ~ a outside W (that is, by restriction to 
C\ \ W), then one can locally conjugate it by a homothety as follows: for any 
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1 < A < oo we denote by g\ the diffeomorphism of M such that g\ = g outside of 
C*, g\ = g by restriction to C\ \ A _1 .>V, and 

g\ = A -1 .Id o g o X.Id 

by restriction to A _1 .W. We denote by goo the diffeomorphism such that goo = g 
outside of C 1 and 500 = cr by restriction to C*. 

Remark 5.2. The C^-distance from g> to goo, that is. the C 1 -distancc from g\\ c i 
to cr, is a decreasing function of 1 < A < 00. 

Definition 5.3. Given cr, r G j, we say that a diffeomorphism a. of M is an 
(/, J} -connection from a to r if it holds: 

• g is equal to r on a neighbourhood of X, 

• there is a neighbourhood W of X inside the interior of V a such that g = a on 

• the first (/, J)-fundamcntal domains outside of V a coincide for g and a. 

Remark 5.4. If g is an (/, J)-connection from a to r, then the three points of the 
definition arc also hold replacing g and V a by g \ and A _1 Vcr, for any I < A < 00. 

Claim 3. If g is an (I , J) -connection from a to r and g' is an (I , J) -connection 
from t to p, then there is an (I, J)-connection g" from a to p such that one has the 
following inequality on the C 1 -distances: 

dist(<7|0i , a) < dist(<7|ei , cr) + dist(g' c i , r) 

Proof. By Remark 5.1, there exists A > 1 such that A _1 .V r is a regular neighbour- 
hood for (g, V a ) and such that g is equal to t on A _1 .Cj:. Build g" such that g" = g 
outside of X~ 1 .C 1 and g" = g\ on \~ l .C\. Using Remark 5.4 and Lemma 4.7, one 
gets that the first (J, J)-fundamental domains outside of V a coincide for g" and a. 
Hence, g" is an (/, J)-connection from cr to r. 

By Remark 5.2, the C 1 -distance from r to ff^A- 1 c 1 1S ^ css or cc l ua l to the C 1 - 
distance from r to <?| C i- The distance inequality is straightforward. □ 

We define (/ , J)-quasidistance from a to t G ^>i,j as the infimum of the dis- 
tances dist(<?|ci , cr), where g is an (/, J)-connection from a to r. This is indeed a 
quasidistance (with values in RU {00}, a priori 1 ) in the sense that it is separate 
and satisfies the triangle inequality: by claim 3, for all cr, r, p G one has 

rf/,./(cr —>/»)< di.j(a — > t) + dj,j(r -> p). 

Lemma 5.5. for a?/ a G /or a// e > 0, i/iere is a neighbourhood Q C £r,j 0/ 

cr siic/i t/iai i/ie quasidistance di } j(o~ — ► t) zs /ess i/ian e, /or any r G fi. 

Proof. Let cr/j be a sequence that tends to a in We have to show that for all k 

great enough, the quasidistance di t j(o~ —>■ o~k) tends to 0. Let g be a diffeomorphism 
of M that coincides with a on C\. By a unit partition we build a sequence of 
diffeomorphisms that tends to g, such that gu — o~u on a neighbouhood X. By 
Remark 5.1, there is a closed neighbourhood W of X included in the interior of V a 
and regular for {g, V a ). The neighbourhood V a of X being confined for g, we apply 
Proposition 4.3 to find a sequence hk that tends to g such that, for k great enough, 

decent discussions with J. Bochi and C. Bonatti suggest there exists an (I, J)-conncction 
between two cocycles cr, t G if and only if a and T act the same way on the orientations of 

their respective (/, J)-invariant directions. 
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• Dhk = crfe on a neighbourhood of X, 

• hk = (T by restriction to C\ \ W, 

• the local (/, J)-invariant manifolds outside of W coincide for g and hk, which, 
by Lemma 4.7 and Remark 4.6 implies that the first (/, J)-fundamcntal do- 
mains outside of V a coincide for hk and a. 

Hence, for k great enough, hk is an (/, J)-conncction from a to r, and the C 1 
distance from /i^gi to g\c± = o~ tends to 0. So does the quasidistance dj_j(a — > 



Lemma 5.6. For all r G S/.j, for all e > 0. there is a neighbourhood D C of 
t such that, for any a G 0, the quasidistance dj_j(cr — > r) is /ess i/ian e. 

Proof. Here we prove that he quasidistance di } j(ak — > cr) tends to zero. We find 
a sequence of diffeomorphisms that tends to g such that gk = o~k by restriction 
to C\ k and g = cr by restriction to C\. Note that the sequence C\ k tend to C\ 
and the sequence V<r fc tends to V CT . By Lemma 4.5, there is an arbitrarily small 
neighbourhood W of I such that it is regular for all the pairs (gk,V ak ), where k 
great enough. Then apply Proposition 4.4 and conclude as in the previous proof. □ 



For all cr, r G £/,./, we define the distance dij(o~, r) to be the infimum of dij{cr — > 
r) and di^j{r — > cr). As a direct consequence of Lemmas 5.5 and 5.6, we have 

Lemma 5.7. The metric di,j is compatible with the topology on S/,,/ defined by 
the metric dist in section 3. 

Proof of Theorem 5. Choose a path 7 as in the assumptions of the theorem and fix 
e > and a confined neighbourhood U of X for /. Let r(j) be the radius of the path. 

By compactness of the path and Lemma 5.7, we find a sequence {ak}k=i n, such 

that cr 1 = 7(0) = Df\x and a n = 7(1), and such that the distance di t j(ok, ak+i) is 
strictly less than e/2, for all < fc < n — 1. 

By the linearisation lemma (Corollary 4 in section 2), we find an e/2-perturbation 
/1 of / = /o on U of X such that fi = o\ on a neighbourhood of X, and such that the 
local (I, J)-invariant manifolds outside of U coincide for / and fo- By Remark 5.1, 
for Xi > 1 great enough, U\ = A^ 1 .V (T1 is confined for {f\,U) and fi = a x on U\. 
Since dj^j{a 1 — > cr 2 ) < d],j(ai, cr 2 ) < e/2, one finds an (J, J)-connection g 2 from cri 
to (T2 such that 

dist(5 2 | C i >°2) < e/2- 

Then define / 2 such that / 2 = 92^1 inside t/i = A^ 1 .V CTl , and / 2 = f\ outside of 
U\. By Remark 5.4 and Lemma 4.7, the local (I, J)-invariant manifolds outside U 
coincide for f\ and / 2 . Besides, the C 1 -distance between / 2 and cr 2 by restriction 
to U\ is less than e. 

Hence, by induction, one builds a sequence (fk)k=i,....n of diffeomorphisms and 
a sequence IA\ D ... D U n -\ 3 U n such that the local (J, J)-invariant manifolds 
outside of U coincide for / and fk, such that fk+i = fk outside Uk, and such that 
the C 1 -distance between fk and <Jk is less than e/2, by restriction to Uk- Choosing 
U\ (that is Ai) small enough, this implies that the C 1 -distance between fk and f\ 
is less than r(j) + e/2. Thus, the distance between /„ and / is less than r{^) + e. 
Thus we conclude the proof of Theorem 5 taking g = f n . □ 
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6. Examples of applications. We give in this section a few consequences of The- 
orem 1. We prove Theorem 2 which says that one can perturb a saddle of large 
period in order to turn its eigenvalues real, while preserving its strong invariant 
manifolds outside of an arbitrarily small neighbourhood. Wen [14] showed that 
the absence of a dominated splitting of index i on limit sets of periodic orbits of 
same index allows to create homoclinic tangencies by small perturbations. To prove 
it, he showed that one obtains new saddles with small stable/unstable angles by 
C^-pertubations, but a priori without knowledge of the homoclinic class to which 
the new saddles belong. Here we prove Theorem 3, which gives a dichotomy be- 
tween small angles and dominated splittings within homoclinic classes. Through 
that result, we find another way to the main theorem of [8], and a more complete 
result. 

6.1. Dichotomy between small angles and dominated splittings. We recall 
that a saddle point x is homoclinically related to another y if and only if the un- 
stable manifold of each meets somewhere transversally the stable manifold of the 
other. The homoclinic class of a saddle x is the closure of the saddles that are 
homoclinically related to x. The eigenvalues of a saddle x are the eigenvalues of the 
derivative of the first return map at x. 

Definition 6.1. Let / be a diffeomorphism of M and K be a compact invariant set. 
A splitting TMiif = E © F of the tangent bundle above K into two Df- invariant 
vector subbundlcs of constant dimensions is a dominated splitting if there exists an 
integer N G N such that, for any point x G K, for any unit vectors u G E x and 
v G F x in the fibers of E and F above x, respectively, one has: 

\\Df N (u)\\ < l/2.\\Df N (v)\\. 

In that case, we say the splitting is N -dominated. The smaller the number N, 
the stronger the domination. Theorem 3 is a generic consequence of the following 
proposition (see section 6.2). 

Proposition 6.2. Let f be a diffeomorphism of M and e > be a real number. 
There exists an integer N G N such that if x is a saddle point of period greater 
than N and its corresponding stable/unstable splitting is not N -dominated, if U is 
a neighbourhood of the orbit of x then 

• there is a C 1 e-perturbation g of f that coincides with f along the orbit of x 
and outside oflA, that preserves the local strong stable/unstable manifolds of 
x outside oflA, 

• the minimum stable/unstable angle for g of some iterate g k (x) is less than e, 

• the eigenvalues of the saddle x for g are real, pairwise distinct, and each of 
them has modulus less than e or greater than e _1 . 

The proof of Proposition 6.2 is postponed until section 6.4. 

Theorem 4.3 in [8] states that if the stable/unstable dominated splitting along 
a saddle is weak enough, then one may find a C 1 -perturbation that creates a ho- 
moclinic tangency related to that saddle, while preserving a finite number of points 
in the strong stable/unstable manifolds of that saddle. During the process, the 
derivative of that saddle may have been modified. The technique introduced in this 
paper allows to create a tangency while preserving the derivative. 

Indeed, under the hypothesis that there is a weak stable/unstable dominated 
splitting for some saddle x, one creates a small stable/unstable angle and pairwise 
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distinct real eigenvalues of moduli less than 1/2 or greater than 2, after changing 
the derivative by application of Theorem 1 with some path 7 of derivatives (see 
the proof of Proposition 6.2 in section 6.4). Applying the techniques of the proof 
of [8, Proposition 5.1], one finds another small C^-perturbation on an arbitrarily 
small neighbourhood of x that creates a tangency between its stable and unstable 
manifolds, without modifying the dynamics on a (smaller) neighbourhood of the 
orbit of x. That perturbation can be done preserving any preliminarily fixed finite 
set inside the strong stable or unstable manifolds of x. Then one may come back to 
the initial derivative applying again Theorem 1 with the backwards path 7 . This 
sums up into: 

Theorem 6. Let f be a diffeomorphism of M and e > be a real number. There 
exists an integer N £ N such that if x is a saddle point of period greater than 
N and its corresponding stable/unstable splitting is not N -dominated, if hi is a 
neighbourhood of the orbit of x and T C M is a finite set, then 

• there is a C 1 e-perturbation g of f that coincides with f along the orbit of x 
and outside oflA, such that the saddle x admits a homoclinic tangency inside 
U for g. 

• the derivatives Df and Dg coincide along the orbit of x, 

• for each y E T, if y is in the strong stable (resp. unstable) manifold of di- 
mension i of the saddle x for f , then y is also the strong stable manifold of 
dimension i of the saddle x for g. 

6.2. Proof of Theorem 3. Fix p E N \ and e > 0. Let S p<e be the set of 
diffeomorphisms / such that for any periodic saddle point x of period p, if the 
homoclinic class of x has no dominated splitting of same index as x, then there is 
a saddle y in the homoclinic class of x with same index as x that has a minimum 
stable/unstable angle less than e and pairwise distinct real eigenvalues of moduli 
less than e or greater than e _1 . 



Lemma 6.3. For all p £ N \ and e > 0, the set S p ^ contains an open and dense 
set in DifF 1 (M ) . 



Proof of Lemma 6.3: By the Kupka-Smale Theorem, there is a residual set 1Z of 
diffeomorphism whose periodic points are all hyperbolic, and consequently that 
have a finite number of periodic points of period p. Let / 6 1Z. Let Xi, ...,xi be all 
the hyperbolic points of period p for /, with x\, ...,Xk (for some k < I) being the 
saddle points of period p. There is a neighbourhood hi of / such that, for all g Ehi, 
the saddle points of period p for g are given by the continuations X\{g), X)~{g) of 
the saddles x\, ...,Xk of /. 

Claim 4. There is an open and dense subset Vk of hi such that, for all g E V, the 
homoclinic class of the continuation of Xk{g) either admits a dominated splitting of 
same index as Xk, or contains a saddle of same index as that has a minimum 
stable/unstable angle less than e and pairwise distinct real eigenvalues of moduli less 
than t or greater than e _1 . 

Proof. Let A c hi be the set of diffeomorphisms such that the homoclinic class of 
the continuation Xk{g) does not admit a dominated splitting of same index as Xk, 
and let A e C U be the open set of diffeomorphisms such that that homoclinic class 




□ 



p,n£N 
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contains a saddle of same index as Xk that has a stable/unstable angle strictly less 
than e and pairwisc distinct real eigenvalues of moduli less than e or greater than 
e _1 . Let / £ A. Obviously, the homoclinic class of Xk(f) cannot be reduced to 

Xk(f). 

For any N £ N, there is a periodic point yjq in that homoclinic class that has 
same index as Xk, that has period greater than N, and such that the stable/unstable 
splitting above the orbit of i/n is not iV-dominated. By Proposition 6.2, there is an 
arbitrarily small perturbation of g that turns the minimum stable/unstable angle 
of some iterate of i/n to be strictly less than e, and that turns the eigenvalues of 
UN to be real, pairwise distinct with moduli less than e or greater than e , while 
preserving the dynamics and the local (strong) stable and unstable manifolds of 
outside of an arbitrarily small neighbourhood of y^. In particular, one can do that 
perturbation preserving the homoclinic relation between y^ and Xk(g): one finds 
an arbitrartily small perturbation of g £ A in A e . 

Now the union Vk of A c and the interior of the complement set of A in U satisfies 
all the conclusions of the claim. □ 



Taking the union of all the intersections ni</<fcV;, for all / £ 1Z, one gets an 
open and dense subset of Diff 1 (M) that is a subset of S pjL . This ends the proof of 
the Lemma. □ 



6.3. Linear cocycles and dominated splittings. Here we recall notations and 
tools from [3] and [5]. Let tt: E — > B be a vector bundle of dimension d above 
a compact base B such that, for any point x £ 23, the fiber E x above x is a d- 
dimcnsional vector space endowed with a Euclidean metric ||.||. One identifies each 
x £ B with the zeros of the corresponding fiber E x . A linear cocycle A on E is a 
bijection of E that sends each fiber E x on its image by a linear isomorphism. We 
say that A is bounded by C > 1, if for any unit vector v £ E, we have C _1 < 
\\A{v)\\<C. 

In the following, a subbundle F C E, is a vector bundle with same base B as E 
such that, for all x, y £ £>, the fibers F x and F y have same dimension. One defines 
then the quotient vector bundle E/F as the bundle of base B such that the fiber 
(E/F) x above x is the set {e x + F x ,e x £ E x } of affine subspaces of E x directed 
by F x . The bundle F is endowed with the restricted metric ||.||f and the norm of 
any element e x + F x of E/F is defined by the minimum of the norms of the vectors 
of e x + F x . If G is another subbundle of E, then one defines the vector subbundle 
G/F C E/F as the image of G by the canonical projection E — > E/F. 

If F is a subbundle invariant for the linear cocycle A (that is, A(F) = F), then 
A induces canonically a restricted cocycle A\p, and a quotient cocycle A/p defined 
on the quotient E/F by A/ F {e x + F x ) = A{e x + F x ) = A{e x ) + F A(x y If G is 
another invariant subbundle, then G/F is an invariant subbundle for A/p. 

Remark 6.4. If A is bounded by some constant C > 1, then so are the restriction 
A\p and the quotient A/p. 

We use the natural notions of transverse subbundles and direct sum of transverse 
subbundlcs. The following definition generalizes the definition given in the previous 
section for diffeomorphisms. Let A be a linear cocycle on a bundle E, and let 
E = F © G a splitting into two subbundlcs invariant by A. It is a dominated 
splitting if and only if there exists TV such that, for any point x £ K, for any unit 
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vectors u 6 E x , v € F x in the tangent fiber above x, we have 

\\A N (u)\\<l/2.\\A N (v)\\. 

Given such N, one says that the splitting TM\x = E © F is N -dominated. The 
strength of a dominated splitting is given by the minimum of such N . The bigger 
that minimum, the weaker the domination. 

6.4. 'Pathwise' perturbation results on cocycles. A few perturbation results 
on cocycles are proved in [5] and [8] . Here we want to show that these perturbations 
can actually be reached through paths of cocycles that satisfy good properties. 
Namely properties that will put us under the assumptions of Theorem 1. 

To any sequence A\, A p of matrices of GL(d, K) one canonically associates the 
linear cocycle A on the bundle £ = {l,...,p} x M. d that sends the i-th. fiber on the 
(i + l)-th fiber by the linear map of matrix Ai, and that sends the p-th fiber on the 
first by A p . The we say that A is a saddle cocycle if and only all the moduli of the 
eigenvalues of the product A p x ... x A\ are different from 1, and if there are some 
that are greater than 1 and others that are less than 1 . The splitting £ = E s © E u 
into the stable bundle E s and the unstable one E u is called the stable/unstable 
splitting. 

Notice that Theorem 2 is a straightforward consequence of Theorem 1 and the 
following proposition about getting real eigenvalues: 

Proposition 6.5. Let e, C > and d G N. There exists an integer JVeN such that, 
for any sequence A\, A p of length p > N of matrices in GL(d, M) all bounded by 
C (i.e. HAiUJi^- 1 !! < C), it holds: 

For each 1 < k <p, there is a path {Ak,t}t^\o,i\ * n GL(d,M) such that 

• the p-uple (Ai t o, . . . , A Pt o) is equal to (A±, A p ). 

• For all t e [0,1], the moduli of the eigenvalues of the product Y\k=i p^M 
(counted with multiplicity) are equal to those of the product IIfc=i P Ak,o and 
the eigenvalues o/TIfc=i p Ak.i are real. 

• The radii of the paths {-<4fc,t}te[o,i] are less than e, that is, 

» , ma f X crnll {H A M-^,olUI^]-^Mll} < e - 
fc— l,...p,i£[0,lj ^ J 

The second Proposition is about getting eigenvalues that all have moduli less 
than e or more than er 1 . 

Proposition 6.6. Let e, C > and d £ N. There exists an integer JVeN such that, 
for any sequence A\, A p of length p > N of matrices in GL(d, R) all bounded by 
C , if the moduli of the eigenvalues of the product Y[ Ak are pairwise distinct, then 
it holds: 

for each 1 < k < p, there is a path {^4fe,t}te[o.i] i" 11 GL(d,M) such that 

• the p-uple (Aifl, ... ,A P fl) is equal to (A\, A p ). 

• For all t £ [0,1], the moduli of the eigenvalues of the product J\k=i p-^k,t 
are pairwise distinct and different from 1 and the eigenvalues of the product 
rife=i pAk.i have moduli less than e or greater than e _1 . 

• The radii of the paths {Ak t t}t£[o,i] are less than e. 

The third one is about obtaining a small angle in the absence of dominated 
splitting: 
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Proposition 6.7. Let e, C > and d S N. There exists an integer N e N smc/i f/ia£, 
/or any sequence Ax, ...,A p of length p > N of matrices in GL(d,M.) that satisfies 
the following: 

• if the corresponding linear cocycle A is bounded by C , 

• if it is a saddle cocycle whose stable/unstable splitting is not N -dominated, 

• if the eigenvalues of the product A p x ... x A\ are all real, 

then, for each 1 < k < p, there is a path {^4fe,t}te[o.i] ™- GL(d,M) such that 

• the p-uple (^4i,oi ■ ■ ■ iA p0 ) is equal to (Ai, ...,A p ). 

• For all t G [0,1], the eigenvalues of the product Jlfc=i pAk,t (counted with 
multiplicity) are equal to those of the product Yik=i p Ak,o- 

• The stable/unstable splitting of the cocycle given by A\$, . . . , A Pt \ has a min- 
imum angle less than e. 

• The radii of the paths {Ak,t}t£[o,i] are l £ ss than e. 

Proof of Proposition 6.2: Since it poses no difficulty, we only sketch it. One first 
applies Proposition 6.5 to obtain a path that joins the cocycle corresponding to 
the derivative Df\x along the orbit X of x to a cocycle such that its eigenvalues 
are all real. Then adding an arbitrarily small path, one may suppose that the 
moduli of these eigenvalues are pairwisc distinct. With Proposition 6.6, we prolong 
that path to obtain eigenvalues that have moduli less than e or greater than e^ 1 . 
Remember that a weak dominated splitting remains a weak dominated splitting 
after perturbation, if it still exists. Hence, we can use Proposition 6.7 to get a small 
angle. This provides us a path of small radius that joins the initial derivative to a 
cocycle that has all wanted properties. One finally applies Theorem 1 to conclude 
the proof. □ 

6.4.1. Proof of Proposition 6.5. First notice that in dimension d = 2, the Proposi- 
tion is an easy consequence of [2, lemme 6.6] restated below: 

Lemma 6.8 (Bonatti, Crovisicr). For any e > 0, there exists N(e) > 1 such that, 
for any integer p > N(e) and any finite sequence A\, ...,A P of elements in SL(2,M), 
there exists a sequence ax, ...,a p in ] — s,e[ such that the following assertion holds: 
for any i £ {1, ...,p} if we denote by Bi = R ai a Ai the composition of Ai with the 
rotation R ai of angle ai, then the matrix B p o B p -\ o • • • o Bq has real eigenvalues. 

Under the hypothesis of the lemma, let a\, . . . , a p be a corresponding sequence. 
For all 1 < i < p, define A t .i = Rt. ai °Ai, and let to be the least positive number such 
that the matrix A t . p o ■ • ■ o _B t has real eigenvalues. Then the paths {A ttP } te ^ t i 
give a candidate for the conclusion of Proposition 6.5 in dimension 2. 

Proof of Proposition 6.5 in any dimensions. Consider the linear cocycle A associ- 
ated to the sequence Ai, A p on the bundle £ = {1, p} x M. d . If some eigenvalue 
of the product A p • • • A\, that is the first return map, is not real, there is a dimen- 
sion 2 invariant subbundle F of £ that corresponds to that eigenvalue. Choosing 
orthonormal basis in each fibre of F and completing by a basis of the orthonormal 
bundle F , the linear automorphism A writes in those basis in blocks of the form: 

( A\p,i B \ 

V A h ) ' 

Using the proposition in dimension 2, one may choose a path A\F,t of automorphisms 
of T ending at A\f such that the first return map of A\f.o has real eigenvalues. 
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Denote by At the automorphism that writes in blocks of the form: 

A\F,t,i B 


This defines a path of small radius that joins the initial automorphism to an auto- 
morphism where two of the eigenvalues have turned real. The other eigenvalues are 
given by the product of the blocks Ap i , therefore did not change. One may need to 
iterate that process at most d/2 times to turn all eigenvalues real, by concatenation 
of small path. This ends the proof of the proposition. □ 

6.4.2. Proof of Proposition 6.6. As in the previous proof, one considers the linear 
cocycle A associated to the sequence A±, ...,A p on the bundle £ = {l,...,p} x R d . 
Let £ = E s ffi E u be the stable/unstable splitting for the cocycle A. Choosing an 
orthonormal basis in each fibre of E s and completing by a basis of the orthonormal 
bundle E sl - , the linear automorphism A writes in those basis in blocks of the form: 

A\ E ;i B 


Let < t < 1. Let At be the cocycle obtained from A multiplying each matrix 
A\E s .i by t x / p . One easily checks that the stable eigenvalues of At are those of 
A multiplied by t, while the unstable eigenvalues remain unchanged. All stable 
eigenvalues for A t are less than e and, for p big, the path {^t} te [ £ l ] is small. One 
can do the same for the unstable eigenvalues of A t and obtain another path. The 
concatenation of both paths ends the proof of the proposition. 

6.4.3. Proof of Proposition 6.7. We show it by induction on the dimension d. We 
first restate [3, Lemma 4.4]: 

Lemma 6.9 (Bonatti, Diaz, Pujals). Let C > 1 and d 6 R. There exists an 
application <pc.d '■ N — > N that tends to infinity such that, for any linear cocycle A 
bounded by C on a d- dimensional bundle E, the following holds: if an invariant 
splitting E — F ffi G is not N -dominated for A, and if H C F (resp. H C G) is an 
invariant subbundle, then 

• either the splitting H ffi G (resp. F © H) is not 4>c,d(N)- dominated for the 
restriction A\h®g (resp. A\f®h), 

• or F/H © G/H is not 4>C.d{N)- dominated for the quotient A/h- 

Proof in dimension 2: This is basically [3, Lemma 7.10] by isotopy. Notice that the 
perturbations done in the proof of that Lemma can be obtained by an isotopy such 
that at each time, two invariant bundles exist. The eigenvalues may be slightly 
modified along that isotopy, however each eigenvalue may be retrieved by dilat- 
ing or contracting normally to the other eigendirection (which preserves the other 
eigenvalue) . □ 

Proof in any dimension: Fix d > 2, and assume that the proposition in proved in all 
dimensions less than d. Let A be the cocycle associated to the sequence Ai, A p 
on the bundle £ = {l,...,p} x R d and let £ = E s © E u be the stable/unstable 
splitting. One of these two bundles has dimension greater or equal to 2, we assume 
it is E s (the other case is symmetrical). Since the eigenvalues of A are real, there 
is a proper invariant subbundle F C E s . If the stable/unstable splitting E s ffi E u 
is not TV-dominated, by Lemma 6.9, either H = F ffi E u is not (/^^(AO-dominated 
for the restriction A\h, or E s /F ffi E u /F is not (/^^(AO-dominated for A/f- Since 
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<pc,d{n) — »n— >oo oo, one may choose N big enough so that the induction hypothesis 
applies with N' = 4>c,d' (N) for all 2 < d! < d. Hence for such N, one has either: 

• a path A\H,t of radius < e that joins A\h to a saddle cocycle that has a 
minimum stable/unstable angle less than e, and such that the eigenvalues are 
preserved all along the path. One may extend that path to a path At of saddle 
cocycles on £ as we did in the proof of Proposition 6.5. That path has same 
radius, the minimum stable/unstable angle of each At is less or equal to that 
of A\H,t f° r each t, in particular that of Ai is less than e, and the eigenvalues 
are the same for A and At- 

• or a path A/p^ of radius < e that joins A/p to a saddle cocycle that has 
a minimum stable/unstable angle less than e, and such that the eigenvalues 
are preserved all along the path. Choosing an orthonormal basis in each fibre 
of F and completing by a basis of the orthonormal bundle F L , the linear 
automorphism A writes in those basis in blocks of the form: 

A\F,i B 

where the sequence of matrices Ap i actually identifies with A /p . We define a 
path At replacing the sequence Ap i by the sequence Ap t i that corresponds 
to the cocycle A/p,t- Let £ = El © E™ be the stable/unstable splitting 
for At- By construction F is a subbundlc of E£ and is invariant by At- 
The stable/unstable splitting of At/p, which identifies to A/p.t, is £/H = 
E*/F © E't /F. Note that, given three vector subspaces Y C A and A of R d , 
one has the following relation on minimum angles: 

Z(A,A) <z(A/r,A/r). 

Therefore, the minimum stable/unstable angle of each At is less than that of 
A/pj, in particular, that of Ai is less than e. The radius of the path At is 
the same as for the quotient and the eigenvalues are the same for A and At- 

We are done in both case, which ends the proof of Proposition 6.7. □ 



7. Further results and announcements. In this paper, we assume that some i- 
strong stable/unstable directions exists at any time t of the homotopy, and we obtain 
a perturbation lemma that preserves the corresponding local invariant manifolds 
entirely, outside of small neighbourhoods. 

We announce a 'manifolds prescribing pathwise Franks Lemma', that is, a gener- 
alisation of Theorem 1 that allows to prescribe the strong stable/unstable manifolds 
within any 'admissible' flag of stable/unstable manifolds. That generalisation im- 
plies for instance that if the i-strong stable direction exists for all the cocycles 7*, 
for < t < 1, and if, for some time to, all the eigenvalues inside the i-strong stable 
direction have same moduli, then one can do the pathwise Franks' lemma, prescrib- 
ing the j-strong stable manifolds, for all j < i, inside arbitrarily large annuli of 
fundamental domains of i-strong stable manifold. 

Let us formally define these objects. Let / be a C 1 -diffeomorphism and x be 
a periodic saddle point for /. To simplify the statement, we assume that x is 
a fixed point. Given a fundamental domain of the stable/unstable manifold of x 
identified diffeomorphically to § 4s_1 x [0, 1[, an annulus A(f, x) is a subset of the form 
gt s -i x jq^ where < p < 1. We denote by W s,l (f) the i-strong stable manifold of 
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/. An i-admissible flag of manifolds for f is a flag IV s ' 1 C ... C W s ' 1 = W s ' l (f) of /- 
invariant manifolds such that each W s ' k is an immersed boundarylcss fc-dimcnsional 
manifold that contains x. A particular case (and simple case) of the announced 
Franks' Lemma that prescribes manifolds can be stated as follows: 

Theorem. Assume that (At)t£[o,i] is a path that starts at the sequence of matrices 
Aq corresponding to the derivative of f . Assume that, for all t, the corresponding 
first return map has an i-strong stable direction. Assume also that there is some 
time to such that the i strongest stable eigenvalues Ai,...Aj of At , counted with 
multiplicity, have same moduli. Then, for any i-admissible flag W 11 ' 1 C ... C W s ' 1 
for f, for any annulus A(f,x), for any neighbourhood IA of the orbit of x, there is 
a diffeomorphism g such that it holds: 

• g is a perturbation of f whose size can be found arbitrarily small to the radius 
of the path At , 

• g = f on the orbit of x and outside oflA, 

• the sequence of matrices A\ corresponds to the derivative Dg\ x , 

• For all 1 < j < i, if g has a j -strong stable manifold, then it coincides with 
yysj fry res t r i c ti on to the annulus A(f,x). 

The perturbation techniques for linear cocycles as developed in [10, 3, 5], suc- 
cessively, can be easily rewritten in order to take into account the need of a good 
path between the initial cocycle and the pertubation. The perturbations of cocy- 
cles obtained by the techniques of [5] can indeed be done along paths whose size 
are small. 2 These pathwise perturbation lemmas for cocycles 3 and the manifolds 
prescribing Franks' Lemma lead to easy and systematic ways to create strong con- 
nections and heterodimensional cycles whenever there is some lack of domination 
within a homoclinic class. 4 

We claim that with some hypothesis on the signs of the eigenvalues of the first 
return map of A\ and on the behaviour of the eigenvalues along the path, with 
the help of some elementary algebraic geometry, the theorem above can be adapted 
to prescribe all the flag of strong stable manifolds outside of U, and not only an 
annulus of it. 

Finally, we claim that these results, with some work and excluding the codimen- 
sion one manifolds, can be adapted to hold in the volume preserving and symplcctic 
settings. 

REFERENCES 

[1] M.-C. Arnaud, Creation de connexions en topologie C , Ergodic Theory and Dynamical 

Systems 21(2001), 339-381. 
[2] C. Bonatti and S. Crovisier, Recurrence et genericite, Invent. Math 158(2004), 33-104. 



2 R. Potrie actually already wrote a proof of it in [11]. 

3 With J. Bochi and C. Bonatti, we believe that we can describe the set of d-uples of Lyapunov 
exponents that are reachable by pathwise small perturbations of cocycles according to the strength 
of the dominated splittings that may exist along the periodic orbits. 

4 Shinohara Katsutoshi claimed very recently that in complete absence of dominated splittings 
on a homoclinic class of a periodic saddle point x, he can build a perturbation of the dynamics 
such that the first return dynamics is a homothety by restriction respectively to a disk centered on 
x of the stable (resp. unstable) manifold of x. This implies that he can create heterodimensional 
cycles, under some volume expansion or volume contraction on the derivative of a saddle point of 
the homoclinic class. 



A NEW FRANKS' LEMMA 



23 



[3] C. Bonatti and L.J. Diaz and E.R. Pujals, A C 1 -generic dichotomy for diffeomorphisms: 
weak forms of hyperbolicity or infinitely many sinks or sources, Ann. of Math., 158 (2000), 
355-418. 

[4] C. Bonatti and L.J. Diaz and M. Viana, "Dynamics beyond uniform hyperbolicity," Springer- 
Verlag, Berlin, 2005. 

[5] C. Bonatti and N. Gourmclon and T. Vivicr, Perturbations of the derivative along periodic 

orbits, Ergodic Theory Dynam. Systems, 26 (2006), 1307-1337. 
[6] S. Crovisier, Periodic orbits and chain transitive sets of C 1 -diffeomorphisms, Publ. Math. 

Inst. Hautes Etudes Sci., 104 (2006), 87-141. 
[7] J. Franks, Necessary conditions for stability of diffeomorphisms, Transactions of the A.M.S, 

158 (1971), 302-304. 

[8] N. Gourmclon, Generation of homoclinic tangencies by C 1 -perturbations, Discrete and Con- 
tinuous Dynamical Systems, 26 (2010). 
[9] S. Hayashi, Connecting invariant manifolds and the solution of the C 1 -stability and Cl- 
stability conjectures for flows, Ann. of Math., 145(2000), 81-137. 
[10] R. Mane, An ergodic closing lemma, Ann. of Math., 116 (1982), 503-540. 
[11] R. Potrie, Generic bi-Lyapunov stable homoclinic classes, preprint arXiv:0903.4090v2. 
[12] C. Pugh, The closing lemma, Amer. J. Math., 89(1967), 956-1009. 

[13] E.R. Pujals and M. Sambarino, Homoclinic tangencies and hyperbolicity for surface diffeo- 
morphisms, Ann. of Math., 151 (2000), 961-1023. 

[14] L. Wen, Homoclinic tangencies and dominated splittings, Nonlinearity, 15 (2002), 1445-1469. 

[15] L. Wen and Z. Xia, C 1 connecting lemmas, Trans. Amer. Math. Soc, 352 (2000), no. 11, 
5213-5230. 

[16] J. Yang, Lyapunov stable chain- recurrent classes, preprint, arXiv: 0712 . 0514vl . 
E-mail address: ngourmelSmath.u-bordeauxl.fr 



